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Abstract 
The electro-thermal response of thin, non-uniform functionally-graded metal lines subjected to a direct current flow is determined. The 
material properties associated with the problem are assumed to vary following a given functional relationship. The corresponding 
governing differential equations are derived in terms of variable electrical resistivity and thermal conductivity of the material. The 
solution of the boundary-value problem is then obtained numerically by using finite-difference technique. The electrical and thermal 
responses of a functionally graded metal line are presented in comparison with those of individual constituent metals. The results are 
claimed to be highly accurate and reliable, and are considered to be a valuable guide to thermal analysis of modern electronic devices. 
© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 
of Mechanical Engineers 
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Nomenclature 
L, w, t Length, width, thickness of line (m) 
A, C Area (m2), perimeter (m) 
J Current density (Am-2) 
k Thermal conductivity (Wm-1K-1) 
H Convective co-efficient (Wm-2K-1) 
Cp Specific heat capacity (KJKg-1°C-1) 
P Electro-thermal heat flux (Wm-2) 
G Volumetric heat generation (Wm-3) 
Am Mechanical equivalent of heat (Jcal-1)
q Thermal heat flux (Wm-2) 
T Temperature (K) 
Material density (Kgm-3) 
 Electrical resistivity ( m) 
Electric potential (V) 
1. Introduction 
Accurate and reliable prediction of electro-thermal behavior of different conducting materials is of utmost importance 
for improved performance as well as integrity assessment of microelectronic devices. Now-a-days, it is of high practical 
importance to analyze these electro-thermal problems to determine the resultant temperature field properly. As a typical 
example of electro-thermal phenomenon, one can site electro-migration [1-2], which is the phenomenon of atomic diffusion 
due to current flow. When an electrical conducting material is subjected to a current flow, Joule heating is induced, which 
eventually leads to the generation of heat in the conductor. This electro-thermal conduction ultimately causes thermal stress 
in the materials, which is considered to be one of the major reasons of metal line failure in electronic packaging. 
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2. Introduction 
Accurate and reliable prediction of electro-thermal behavior of different conducting materials is of utmost importance 
for improved performance as well as integrity assessment of microelectronic devices. Now-a-days, it is of high practical 
importance to analyze these electro-thermal problems to determine the resultant temperature field properly. As a typical 
example of electro-thermal phenomenon, one can site electro-migration [1-2], which is the phenomenon of atomic diffusion 
due to current flow. When an electrical conducting material is subjected to a current flow, Joule heating is induced, which 
eventually leads to the generation of heat in the conductor. This electro-thermal conduction ultimately causes thermal stress 
in the materials, which is considered to be one of the major reasons of metal line failure in electronic packaging. The 
problem of heat conduction in a wire under the influence of current flow has been explained theoretically by Carslaw and 
Jaeger [3]. Steady temperature distribution near the tip of a crack in a homogeneous isotropic conductive plate was analyzed 
by Saka and Abe [4] under a direct current field with the help of path-independent integrals. Further, the analysis was 
extended by Sasagawa et al. [5] to determine the current density and temperature distributions near the corner of an angled 
metal line subjected to direct current flow. Greenwood and Williamson [6] treated the case of a conductor subjected to a 
direct current flow, in which temperature dependent material properties were considered. The method was further extended 
by Jang et al. [7] to give a general solution to the coupled nonlinear problem of steady-state electrical and thermal 
conduction across an interface between two dissimilar half spaces. Wang et al. [8] also presented analytical solutions for the 
electrical and thermal conduction near the tip of a crack with a constant flux boundary condition at an infinite region. The 
method of Greenwood and Williamson was also extended by Jang [9] to obtain a solution to the coupled nonlinear problem 
of steady-state electrical and thermal conduction across a crack in a conductive layer for which material properties were 
assumed to be functions of temperature. Recently, introducing a new Joule heating residue vector, heat conduction in 
symmetrical electro-thermal problems has been analyzed under the influence of direct current passing through symmetrical 
regions of the boundary [10]. A nonlinear analysis has also been reported for electro-thermal response of a metallic wire of 
dissimilar materials with temperature dependent thermal conductivity [11]. Very recently, the resulting temperature field of 
a 2D electro-thermal problem near the corner composed of two dissimilar materials in an angled metal line has been 
analyzed under a direct current flow by Saka and Zhao [12].                
This paper presents a new analysis of a heat conduction-convection problem of a functionally graded metal (FGM) line 
coupled with an electrical problem subjected to a direct current field. The non-uniformity of the metal line is modelled by a 
typical converging-diverging shape with a variable rectangular cross section. The associated material properties, namely the 
electrical resistivity and thermal conductivity are assumed to vary as a function of spatial coordinate. The heat generated 
due to current flow is determined based on the resulting distribution of electric potential. The solution of both the boundary-
value problems is obtained numerically using the finite-difference technique. The electro-thermal responses a non uniform 
FGM metal line are demonstrated in comparison with those of the individual constituent metal lines.   
3. Mathematical formulation 
3.1. Electrical problem 
Ohm’s law for one dimensional potential distribution, 
 )()( xJx
xd
d                                                                          (1) 
The differential equation that governs the distribution of electric potential within the material body can be obtained by 
applying divergence operator on Eq. (1), which eventually takes a form like  
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For uniform cross-sectional area and constant electrical resistivity, the derivatives in the right hand side of the Eq. (2) 
can be neglected. Equation (2) will then be reduced to the one dimensional Laplace’s equation. 
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2.2. Thermal problem  
The general governing equation for heat transfer in a metal line, the surface of which losses heat by convection to the 
surrounding atmosphere (T ) is 
t
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1                                       (3) 
For the present electro-thermal problem the internal heat generation per unit volume (G) is related to Joule heating 
caused by the current flow. For steady-state heat transfer with variable thermal conductivity k(x), subjected to Joule heating, 
the governing equation reduces to 
0
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For the solution of electrical problem, the end conditions of the metal line are simulated by the following relations 
 
A
I
dx
d                                                                                   (5) 
 
The negative sign of the equation (6) applies to the line end where current is being injected and the positive sign 
corresponds to the current outlet port. For the thermal problem, the temperatures at the two ends of the line are assumed to 
be known. It is however mentioned that all possible physical conditions at the ends can readily be accommodated. 
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Fig. 2. Distributions of (a) electric potential and (b) current density along the non-uniform metal lines under I = 2 A 
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Fig. 1. Model of a non uniform thin functionally graded metal line under a direct current field 
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810   A.K. Ghosh et al. /  Procedia Engineering  56 ( 2013 )  807 – 813 
2.3.  Electro-thermal heat flux 
Electro-thermal heat flux of a conductive wire is realized as a summation of the thermal heat flux and the flux 
representing the effect of electrical heating in the wire. The overall heat flux vector (P) related to the coupled electro-
thermal problem, which is also known as the Joule heating residue vector [7], is defined by 
 
)()(2
)()(
2
xxk
TgradxkxP                                                           (6) 
 
Where, the first term in the right hand side of Eq. (7) is the thermal heat flux, Tgradkq   , and the second term 
reflects the corresponding effect of electrical heating.  
4. Method of solution 
The present steady state heat conduction-convection boundary-value problem has been solved numerically by using 
finite-difference technique. Both the governing differential equations associated with the electrical and thermal problems are 
discretized using the standard three-point central-difference scheme. The difference equations so developed for the electrical 
and thermal problems are respectively as follows: 
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A MATLAB based computer code was developed to couple the electrical and thermal problems. The resulting tri-
diagonal systems of algebraic equations are solved by the matrix decomposition method. For the calculation of secondary 
parameters of interest, namely current density, electrical heat generation, electro-thermal heat flux, etc., both the three-point 
forward and backward as well as central differencing schemes were adopted to keep the order of error the same (O(h2)). A 
total of 1000 nodal points have been considered to descritize the computational domain. The convergence as well as the 
stability of the numerical solution has however been verified by varying the nodal points from 1000 to 7000. 
 
Table 1: The assumed electrical resistivity and thermal conductivity of Copper and Aluminum at room temperature 
 
 
 
 
 
5. Statement of the electro-thermal problem 
Figure 1 shows the analytical model of a variable cross-sectional metal line of FGM with overall dimensions, L = 200 
mm, w1 = 5 mm, w2 = 1 mm, t = 100 m under the influence of a steady direct current field. The FGM line is assumed to be 
composed of two metals (Cu and Al), the composition of which varies linearly over the length (x = 0 ~ L). The entire metal 
line is assumed to be electrically insulated except for the two ends. For the solution of electrical problem, in addition to the 
given current densities at the two ends of the line, the zero potential condition is also satisfied at its mid-length position.  
As a result of current flow in the line, Joule heating occurs. Volumetric internal heat generation is calculated with the 
help of potential distribution as shown in Eq. (4). The temperature distribution of the FGM line largely depends on thermal 
conductivities of the constituent metals. The surface of the line is assumed to transfer heat by convection to the surrounding 
environment which is at a temperature of 318K. The elevated temperature condition of the wire was simulated by assigning 
fixed temperature (318K) at the two ends of the wire. The convection heat transfer co-efficient is assumed to be constant (10 
  Metal   Electrical resistivity ( ) ( -m)   Thermal conductivity (k) (Wm-1K-1) 
  Copper (Cu)   1.71×10-8   423.60 
  Aluminum (Al)   2.65×10-8   249.20 
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Wm-2K-1) for the entire span of the FGM line. The individual electrical resistivity and thermal conductivity of the two 
constituent metals (Cu and Al) assumed for the present analysis are listed in Table 1. Both the material properties of interest 
are assumed to vary following a linear law along the length of the FGM line, which are as follows: 
 (x) = Cu + ( Al  Cu) (x/L)                                                                            (9) 
k (x) = kCu + (kAl  kCu) (x/L)                                                                           (10) 
 
6. Analysis of the response 
This section describes the electro thermal responses of a FGM metal line (Cu-Al) subjected to a direct current field. Fig 2 
shows the variations of electric potential and the resulting current density along the axis of the FGM as well as the 
constituent metal lines. It shows that the electric potential varies linearly for uniform sections of the metal lines, while the 
same varies nonlinearly for sections having non-uniform cross-sectional area. The potential distribution for the FGM metal 
line resides in between those of the parent metals, and maintains higher similarities with that of Cu for the starting section 
and Al for the end section. This is because the proportion of Cu is higher for the first half section and Al is higher for the last 
half section. The electric potential for the FGM line is found to assume slightly different values for the two ends, although 
the distributions of individual Cu and Al lines are symmetric about their mid-length position.   
Fig. 2(b) shows the distribution of current density, which is obtained by using Eq. (1) and the distribution of electric 
potential along the metal line. Now, since the current supply is kept constant, the distribution of current density, J depends 
only on the cross-sectional area (I/A). That is why the distributions of current density for all the three metal lines overlap on 
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Fig. 3. Temperature distribution along the metal lines under I = 2A: (a) bare lines, (b) buried lines 
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Fig. 4. Distributions of (a) heat generated and (b) electro-thermal heat flux along the non-uniform metal lines under I = 2 A 
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each other. Moreover, it is seen that the calculated current density distribution agrees very well with the actual current 
density, which, in tern, validates the present finite-difference solution for the electric problem.  
Fig. 3 describes the variation of the resulting temperature along the metal lines under two different physical conditions, 
which are in fact bare and buried lines. In an attempt to compare the thermal response of FMG metal line with those of 
individual Cu and Al lines, the corresponding temperature distribution is presented together with those of the individual Al 
and Cu lines (see Fig. 3). For the individual metal lines, the distributions are found to be symmetric about the mid-length 
position, at which the maximum temperature is developed. However, this is not the case for the FGM line, in which the 
maximum temperature position is shifted slightly towards the right from its mid-length position. Fig. 3(b) describes the 
corresponding temperature profiles for the case of buried metal lines which are found to be very similar to those of bare 
lines in terms of nature of variation, but they differ quite significantly in the sense of magnitude. This is quite logical 
because, in case of buried lines, no heat loss is allowed from their surfaces through convection to surroundings, thereby 
shifting the overall state of temperature to a higher level compared to the case of bare lines.  
The variation of heat generation and the electro-thermal heat flux vector is presented in Fig. 4 as a function of axial 
location of lines. It is revealed that the amount of electrical heating increases rapidly towards the mid-section of the metal 
lines from both ends. The numerical results are found to be in conformity with the expectation, because the area decreases to 
its minimum value at around the mid-section region of the line. Since the current density increases with the decrease of 
cross-sectional area, the amount of heat generation which is proportional to the current density, also increases around the 
mid section region and attains its highest value. The highest amount of heat is found to generate in Al line and the lowest in 
Cu line, while that of FGM line remains in between the two. It can be also mentioned that, for the areas with constant cross-
section heat generation remains constants for individual metal lines, but varies linearly for the case of FGM line, which is 
mainly due to the change of material composition along the current flow path. Figure 4(b) shows the variation of the electro-
thermal heat flux vector for the FGM as well as the constituent metal lines as a function of their axial location. The average 
value of the heat flux vector for the FGM line remains in between those of Al and Cu lines. The symmetry in the variation of 
the heat flux vector as observed for the case of individual metal lines, is found missing in the case of FGM line. 
Fig. 5 describes the effect of electric field intensity on the electric potential and temperature fields of the FGM line. As 
expected, with the increase of field intensity, electric potential increases significantly but the nature of variation remains 
almost unchanged. The effect on the temperature distribution is identified to be more critical, as the maximum temperature 
increases to a very high level even with a relatively smaller change in the supplied current. A quantitative analysis shows 
that the increase in temperature in the FGM line is around 10 degrees, when the supplied current is changed from 1A to 2A 
only, and the corresponding change in temperature is 17 degrees when I changes from 2A to 3A (see Fig. 5(b)).  
 
7. Conclusions 
Electro-thermal response of a thin, non-uniform FGM metal line is analyzed under the influence of a direct current field 
taking into account the associated material properties as a linear function of spatial coordinate. It is observed that the electric 
potential and temperature as well as their distributions over the FGM line differ significantly from those of the individual 
constituent metal lines. The effect of electric field intensity on the response of FGM line is identified to be quite substantial.  
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Fig. 5. Effect of electric field intensity on electro-thermal responses of FGM line: (a) electric potential, (b) temperature 
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